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The influence of the orientational selectivity of a chemical reaction on the diffusion controlled
effective reaction rate is investigated theoretically for the following situation: Nonspherical
molecules with random orientation are put into a chemically inert solution at a plane which is a
certain distance away from the parallel reaction plane. The reaction frequency at the surface shall
depend on the orientation of the figure axis of a molecule relative to the normal of the reaction
plane. With a special choice for the orientational dependence of the surface reaction, a continued
fraction expansion is derived for the diffusion controlled effective reaction rate. This quantity is
discussed and displayed graphically as function of the relevant parameters.

The probability of reaction at a single encounter
of two molecules, in general, depends on their
mutual orientation. The resulting orientational
selectivity of the reaction frequency is of great
importance in chemical reactions which are of
biological relevance [1]. Many of these processes
occur in solutions where the effective reaction rate
is controlled by diffusion [2]. In this paper, the
influence of the orientational selectivity of the
elementary reaction frequency on the diffusion
controlled effective reaction rate is studied for the
case where one of the reaction partners is a (plane)
surface. The other reactants are nonspherical
molecules (put into the solution with random
orientation) which diffuse towards the reaction
surface. The surface reaction frequency shall
depend on the orientation of the molecules with
respect to the reaction surface. With a special
choice for this orientational dependence, an exact
expression can be obtained for the effective reaction
rate coefficient.

The effect of a chemical asymmetry on the
diffusion controlled reaction rate has first been
discussed by Solec and Stockmayer [3] for the case
where both reaction partners undergo a diffusive
motion.

For a theoretical investigation of the somewhat
related problem where spherical particles diffuse
towards a sphere where only part of the surface is
reactive see [4].

This article proceeds as follows. In Part I, some
general remarks are made, firstly, on the kinetic
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equation which governs the orientational distribu-
tion function of the diffusing molecules, secondly,
on the formulation of the boundary condition at the
reaction surface and, thirdly, on the definition of the
effective reaction rate. Part II of this paper is
devoted to the calculation of the effective reaction
rate for a relatively simple case. It is supposed that
molecules with random orientation are put into the
solution at a constant rate and with a prescribed
density at a plane which is parallel to the reaction
plane and the distance L away from it.

The surface reaction frequency is assumed to be
proportional 1 f cosd where & is the angle
between the figure axis of a molecule and the
normal vector of the reaction plane. The quantity
(with — 1 =< <1) is a measure for the orientational
selectivity of the surface reaction. Furthermore, for
simplicity, correlations between the orientation and
the diffusion of the molecules are disregarded. Then,
expansion of the distribution function in terms of
Legendre polynomial P; depending on cos ¢ and
use of the moment method leads to uncoupled
differential equations for the number density and
averages of the P;. The stationary solutions of
these generalized diffusion equations contain un-
known coefficients which have to be determined
from the reactive boundary conditions. For § 0,
a set of coupled equations is obtained for the
unknown coefficients. These equations can be
solved for the ratio between the number densities
at the reaction and injection surfaces. It is this
quantity which is needed for the effective reaction
rate kerr. The solution is expressed in terms of an
infinite continued fraction expansion with respect
to B2. In Part III, the obtained results is discussed
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in some detail. Firstly, the case f=0 (no orienta-
tional selectivity) is considered. The effective
reaction rate kerr depends on L/Lo where L is a
characteristic length determined by the diffusion
coefficient and the surface reaction rate. Secondly,
and this is the main point of this paper, the case
p =0 is studied. In this case, the effective reaction
rate depends also on the ratio l;/Ly where [; is the
decay length of a spatially inhomogeneous average
of P;. Some graphs are presented which show the
dependence of the difference between the reaction
rates for f40 and f=0 as functions of LoL-1,
Loly-1, and f. The effect of the orientational
selectivity of the surface reaction on the effective
reaction rate is largest for L~ Ly. The relative
differences between kepr for f=1 and f#=0 can be
of the order of 109, under suitable conditions.

It should be mentioned that correlations between
the diffusing particles which become of importance
at higher concentrations, competition between
various reaction sites and possible saturation effects
have been disregarded. For a discussion of these
points e.g. see [5].

I. General Remarks

1. Distribution Function, Kinetic Equation

A dilute solution of (axisymmetric) molecules in
an inert solvent fluid is considered. The unit vector
parallel to the figure axis of a molecule is denoted
by u. Let f={f(t, r,u) be the time and space
dependent orientational distribution function with
the normalization

[ft, ru)d2u=mn(t,r) (1)

where 7 is the number density of the molecules. The
local average (¥) of a quantity Y=Y (u) is, as
usual, given by

n(¥Vy= [P(u)f(t r u)du. (2)

The time evolution of f is assumed to be governed
by the kinetic equation

offdt —V-D-Vf+ 2(f) =0 (3)

where D = D (u) is the diffusion tensor.

The “collision” term Q(f) describes the orienta-
tional relaxation of f. Conservation of the number
of particles in the interior of the solution implies
~f.Q(f) d?2u=0 and Q2(1)=0. A specific form for
Q(f) will be stated later.
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In general, the Eq. (3) has to be supplemented by
initial and boundary conditions. For a steady state
to be considered in the following it suffices to state
the boundary conditions.

2. Boundary Conditions for Surface Reactions

Let the solution be bounded by two (closed)
surfaces “I”” and “II”’ with normal unit vectors er
and ejr, see Figure 1a. At surface I, molecules are
put into the solution (at a constant rate) with
random orientation. The boundary condition at
surface I then is

f= (1/47) n1 (4)

where 7y is the (constant) number density at this
surface.

The molecules diffuse through the fluid. At
surface 11, the reaction surface, they shall undergo
a chemical reaction (with surface molecules) such
that they are effectively removed from the system.
The appropriate boundary condition at surface II is

err* J(r,u) = —er- D - Vf(r,u)
=vlf(r,u). (5)

Here, J(r, u) is the flux density for molecules with
an orientation specified by u. The normal unit
vector err is pointing outward from the fluid. The
quantities » = (u) and [y are a reaction frequency
and a “reaction length”, respectively. It is assumed

>
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Fig. 1. Schematic diagram of the “‘experimental set up”.
The chemically inert solution is confined by the surfaces
“I” and “II”. The molecules under consideration are put
into the solution at surface I and diffuse towards surface 11
where they undergo a chemical reaction. The outer normals
of the surfaces are denoted by er and er.
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that » depends on the angle between u and ey, i.e.
surface IT acts as a kind of a sieve which selects
molecules with a certain orientation. The length I
is of the order of the linear dimension of a molecule.
The meaning of this quantity is elucidated by the
following remarks.

The total number of particles which undergo a
chemical reaction per unit time is equal to the total
flux I of particles which effectively leave the system
“through” surface II, viz.

1= _fdo’ fen- Jd2u = _"dolo fvfd'zu. (6)
i1 ir

Here [ do refers to an integration over surface II.
i1

As can be inferred from (6), the ansatz (5) means
that molecules in a surface layer of thickness [
around surface II react with the frequency ».
Notice, however, that the product vly (reaction
velocity) occurs in measurable quantities. Of course,
under stationary conditions, the total flux of
particles — fdo er - J which enter the solution at
I

surface I equals I as given by (6).

3. Effective Reaction Rate and Reaction Frequency

As usual, the effective reaction rate coefficient kegq
is defined by [2, 3]

I= keff ny. (7)

It is recalled that ny is the number density at the
surface where the molecules start rather than their
density at the reaction surface. With an effective
reaction frequency vepr defined by

verrn1 = [v(u) f(r,u) d2u (8)
one has
ketr = [dolo verr . (9)

In (8), it is understood that f has to be taken at
surface II.

The remainder of this article is devoted to the
calculation of the effective reaction frequency and
the ensuing effective reaction rate for a simple case.

II. Caleulation of the Effective Reaction Rate

1. Choice of a Simple Special Case

To focus the attention on the effect of the
orientational selectivity of surface reaction on the
diffusion controlled effective reaction rate, a simple
geometry is considered and the correlation between
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molecular orientation and the diffusional motion in
the interior of the fluid is ignored.

In the following, two parallel planes separated
by the distance L are taken as surfaces I and II.
The distance of a point from plane I is denoted =,
err coincides with the unit vector e® parallel to the
x-axis of a coordinate system; the y and z-axes are
in plane I; see Figure 1b. It is assumed that the
system is homogeneous in the y- and z-directions.
This reduces the analysis to an essentially one-
dimensional problem and the orientational distri-
bution function f depends on u only through
cos P =u-e”.

Furthermore, possible correlations between the
molecular orientation and their translational motion
are ignored, i.e. an isotropic diffusion tensor
D=D$% is used. The term Q(f) of the kinetic
equation (3) is specified by

Q()=—wL-Lf (10)

with L=u x 0/0u; L- L is the Laplace operator on
a unit sphere. In (10), wis an orientational relaxation
frequency often referred to as orientational diffusion
coefficient. For a solvent liquid with viscosity 7,
the hydrodynamical values of the coefficients D
and w are given by [6]

D = kT (67n Ry) 1,

w = kT (87n R3)1, (11)

where Ry and R; are effective radii of a diffusing
solute molecule which depend on the molecular
shape. The subscripts “t” and “r” refer to the
“translational” and ‘‘rotational”” motions associated
with the diffusion in real space and in the orienta-
tional space.

2. Diffusion- Relaxation Equations, Steady State

For the special geometry under consideration, the
distribution function f can be expanded in terms of
Legendre polynomials P; depending on cos ¥ =u - e?,
viz.

! w2' 1)n; P 12
f=4n(n+21( j+1)m Py). (12)

The number density » and the expansion coefficients
nj=nl{P;, j=12,..., (13)

are functions of t and z. Insertion of (12) into Eq. (3)
with an isotropic diffusion tensor and Q given by
(10), multiplication by 1, Py, Ps, ..., and sub-
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sequent integration over d2u yields the following
set of “diffusion-relaxation’ equations:

- D = 0 14
IR s
an, 02 -
~étﬂ——D@nj+7(7+l)wnj=O,
i=1,2,.... (15)

In a spatially homogeneous system, the quantities n;
relax with the orientational relaxation times

=00+ Dwl?t.

For a steady state situation to be considered here,
the solution of Egs. (14), (15) which obey the
boundary condition at plane I are (n1 = n(0))

(16)

n(x) = n(0) + [n(L) — n(0)] /L (17)

nj(x) = nj (L) [sinh (L };~1)] sinh (x ;1) . (18)
The “mean free path’ [; is defined by

2=Dgy=—-—042, 19

A TS T =

for 7; cf. (16). The hydrodynamical values for D and
imply 112= % (R:3/Ry) i.e. [; is a length which is of
the order of the linear dimension of a diffusing
molecule. In Fig. 2, ny(x)/ni(L) is displayed as
function of z/L for the case where, the ratio L/l;
assumes the values 1, 3, and 9.

¢ nq(x)
10+ (L)

0.5

01

= » X
T T

0 o1 05 10 L

Fig. 2. The quantity ni(x)/ni(L), cf. Egs. (13), (18) as
function of the dimensionless distance z/L. The curves are
labelled with their pertaining value for L/l;.

S. Hess - A Surface Reaction with Orientational Selectivity

The value n(L) of the number density and the
values n; (L) of n; at plane IT have to be determined
from the boundary condition (5). Before this is
done, it is shown that the expression (8) for vetr can
be cast into an alternative form which will be used
in the following.

3. Alternative Expression for the Effective
Reaction Frequency

Integration of Eq. (5) over the molecular orien-
tation (i.e. over d2u) and use of (17) leads to
— DL 1[n(L) —n(0)] =1lo [v]d%u.
Comparison with Eq. (8) (notice that ny=n(0))

yields an alternative expression for the effective
reaction frequency vest, Viz.

n (L)
Vett = VD (1 - 7(0)) . (20)
For n(L) — 0, vesr approaches the value
vp= D(Lly) 1. (21)
This corresponds to the completely diffusion

dominated case which is realized when every
molecule reacts practically instantly as soon as it
enters the reaction volume of thickness [y at the
reaction surface. The reaction rate coefficient
pertaining to »p is (cf. Eq. (9))

kDZZ()FvD:D(F/L), (22)

where F is the area of the reaction surface. The
expression (22) which is analogous to the v. Smolu-
chowsky rate coefficient [2] is independent of the
reaction length [o.

In general, n(L) occurring in (20) is nonzero. It
has to be determined from the boundary condition.

4. Consequences of the Boundary Condition

Before the boundary condition (5) at surface 11
can be applied, the dependence of the reaction
frequency » on the angle ¢ between u and e” has
to be specified. Here, the case

v =1vo(1 + ffcos ) (23)

is treated. The quantity § is a measure for the
orientational selectivity of the reaction, vy is the
directional average of », see Figure 3. If no mole-
cules re-enter the fluid at surface II, the quantity »
is positive. This implies »o>0 and —1<<f<1.
Insertion of the expansion (12) for the distribu-
tion function into the boundary condition (5) with
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T
2

Fig. 3. The surface reaction frequency » (divided by its
orientational average »g) as given by Eq. (23) as function
of the angle ¢ between the figure axis of a molecule and
the surface normal. The parameter f is a measure for the
orientational selectivity of the chemical reaction.

v given by (23), multiplication of this relation by
1, Py, P, ..., subsequent integration over d2u and
use of (17), (18) leads to the boundary relations

— DL 1[n(L) — n(0)]
= v lo[n(L) + Bni(L)]
— Dl 1n;(L) ctgh (L ;1)
=volo[n;(L) + (2] + 1)"1 my-1(L)
+ A6+ 1))+ D e (L),
i=1,2,3,....

(24)

(25)

Clearly, this is a set of coupled linear equations for
n(L), nj(L), the term containing 7n(0) in (24) is
considered as the inhomogeneity.

The set of Eqgs. (24), (25) can be solved for n (L)
in terms of a continued fraction expansion. Inciden-
tally, a similar mathematical problem is encoun-
tered in connection with the wave vector depen-
dence of the diffusion coefficient in a gas [7]. With
the abbreviations

Ko=vp/vo=D(Llpv)?, (26)
K; = D(lj lo vo)‘l Ctgh (L lj—l) §
i=1,2,..., (27)
e
G = - - 28
1= @i— e+ 1) .
‘(14 Kj1)71(1 + Ky,
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the relation
n(L)[n(0) = Ko(1 + Ko)* H(p) (29)
is obtained where the function H(B) is given by
1] —ap| | —cep?

ol | oz
|92

n (30), the notation [8] — I - is used for

the continued fraction

1

y1+?+

Notice that H is an even function of # and that
one has H=1 for §=0. The n-th approximant to
H (corresponding to ¢; =0 for j > =) is denoted by
H_ In particular, one has

HO = (1 — ¢ f2)1

H® = [1 — oy f2(1 — ca 37112

2

81)

Insertion of (29) into (20) yields the desired
expression for the effective reaction frequency wvesr.
The pertaining reaction rate then is given by
kett =1loFvepr, cf. Equation (9). These results can
be expressed in the form

k*(B) = kett(B) kp™1 = verr (B) vp1
=1+ Ko) 1[1 + Ko(1 — H(B))],
for »p and kp see (21), (22). Clearly, the dimension-
less quantity k£* is the ratio between the effective

reaction rate kepr and the completely diffusion
dominated value kp is given by (22).

(32)

II1. Diseussion

1. No Orientational Selectivity

For the case where the surface reaction frequency
v (u) is independent of the orientation of the mole-

cules (i.e. v=wy, =0, cf. Eq.(23)), Eq.(32)
reduces to
k*(0) = (1 + Ko)™! (33)

It is recalled that Ko=wvpwvo~l. With k¢ given by
ko=1oF vy and the length L, defined by

Lo=D(lovo)1, (34)
this quantity can also be expressed as
Ko=kpkol=LoL™1. (35)
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Fig. 4. The quantities kegr ko1 (curve 1) and k* = kepr kp=1
(curve 2) for # = 0 as functions of the length L in units of
Lo, cf. Equations (33), (34).

101‘ K*(0)
05+
014
0 1 2 3 Kglol!
Fig. 5. The reduced reaction rate k* for § = 0 as function
of Ko = Lo L1,

If the distance L between the plane where the
diffusing molecules start and the reaction plane is
very large compared with Lo (this corresponds to
Ko<1, vp<w) the reaction rate is practically
determined by the diffusion process alone and kess
approaches kp (this corresponds to £* — 1). In the
other limiting case, viz. L < Ly (Ko> 1, vp > o),
the effective reaction rate approaches the value k.

In Fig. 4, Fkerr(0) ko=! (curvel) and £k*(0)
(curve 2) are plotted as function of Kg=1= LLy1.
Since ket (0) decreases as L1 for large values of L,
k* which is proportional to L kegr becomes constant
for L' > Ly. In Fig. 5, k*(0) is displayed as function
of Ko=L"1Ly. Notice that small values of K,
correspond to the diffusion dominated regime.

Next, the more interesting case f§ ==0 is discussed
in some detail.

2. Influence of the Orientational Selectivity
on the Effective Reaction Rate

The influence of the orientational selectivity of
the surface reaction associated with §==0 on the
effective reaction rate is best studied by considering
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the difference

Ak* = k*(B) — k*(0), (36)
and the relative difference
e = (k*(0)"1 Ak* = kegt (B) keg' (0) — 1 (37)

between the reaction rates for f<40 and f=0.
From (32),

e=Ko[l — H(p)],
Ak* = (1 + Ko)-le (38)

is inferred. Due to H (f) =1, one has kest (5) << ket (0)
and Ak* <0, £<0, i.e. the orientational selectivity
leads to a decrease of the effective reaction rate.
The quantities Ak* and ¢ depend on f, Ky, and on
Lol;71, cf. Equations (27)—(30). Since one has
L=V2[j(G+ 1] 2L, the ratios Lol;~! can be
related to the quantity

q=Lol;1. (39)

Thus the relevant parameters are f§, Ko= Lo L1,
and ¢. In particular, the K;, j =1, can be expressed
in terms of ¢, viz.

=V37G + 1) qetgh(Y3iG+1)q).

For given ¢, the physically meaningful range of
K is restricted to Ky < ¢ corresponding to L =1;.
It is recalled that [; is a length of the order of the
linear dimension of a diffusing molecule (unless, at
higher concentrations, collective phenomena lead
to a kind of a pretransitional slowing down of the
relaxation time 7; and consequently to a /; which
is significantly larger than a molecular dimension
[9]. The parameter L/l; occurring in connection
with Fig. 2 is equal to ¢ Ko~ 1.

Next, it is noticed that the continued fraction
for H (f) which is needed in order to evaluate £ and
Ak* from (38) can be rewritten as

(40)

H(p)
=[1 =321+ Ko) (1 + K1) (B, )17, (41)
with
1 2 2 &
«(.9)= | "ﬁf" Cs|ﬂ1 e =

The quantities K; with j =2 occurring in ¢; (cf.
Eq. (28)) are functions of g. The first approximant
H® for H is obtained from (41) with « = 1. Higher
approximants H (% are inferred from (41), (42) with
¢;=0 for j>n. The convergence of the continued
fraction expansion for H is rather rapid. This is,
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e.g., reflected by the fact that the 2nd and 3rd
approximations to « (cf. (42)) are 1.04225 and
1.04342 for =1 and ¢=1. For f=1 and ¢=3,
the 2nd approximation to « is 1.01083. For smaller
values of f and larger values of ¢ the convergence
is even better. Thus in most cases it suffices to
approximate « by the value a« =1.

In Fig. 6, the quantities — ¢ (dashed curves) and
— 2/k* are plotted as functions of Ko= Lo L1 for
B =1. The upper curves pertain to g=1; in partic-
ular, the curves labelled by (1) and (2) have been
evaluated with the first and second approximations
H® and H® for H. Higher approximations coincide
with the curves (2) on the scale of the figure. For
g =3, these are the lower curves, the first approxi-
mation already yields the true value within the
drawing accuracy. Notice that the relative deviation
—e¢ increases with increasing Ko whereas the
difference — Ak* between the values of k* for
B =0 and B =0 goes over a rather broad maximum
at K() =1,

Finally, in Fig. 7, — ¢ is plotted as function of
for Ko= 1. The curves pertaining to ¢ =3 and 9 are
evaluated with the first approximation which
practically coincides with the higher approxima-
tions. For ¢ =1, the two curves labelled by (1) and
(2) are evaluated with the first and second approxi-
mants H(1:2) of H(f). Clearly, even for || =1 the

moj -g,-20k* - /// —-(1
- -
//j//
Pl HE
P
7 7
77 -28Kk* @
/// (W
////
/// € _——
005+ 7 —
/// /// q=3
i/ P
/// o -208K*
4 #
/ %
i/
s/
/
74
0014 //
Kl
/ Kg=Lg L
o 05 10 15 20

Fig. 6. The quantities — ¢ (dashed curves) and — 24k¥,
cf. Eq. (38), as functions of Ko = LoL™! for f = 1. The
upper curves are for ¢ = Lo l;~! = 1 evaluated with the
first (curves 1) and second (curves2) approximants for
H, cf. Equations (38). (41). The lower curves pertain to
g = 3 evaluated in first approximation.
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(2)

"
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0051
q=3
q=9

001
-1.0 -05 0 05 10 B

Fig. 7. The relative difference between the effective reaction
rates for g == 0 and B = 0 as function of g for Ko = 1.
The curves for ¢ =3 and ¢ = 9 are evaluated in first
approximation, those for ¢ =1 are displayed in first
(curve 1) and second approximation (curve 2).

difference between the two approximations is small
and for | 8| < 0.7 it can practically be disregarded.

Concluding Remarks

In this article, the influence of the orientational
selectivity of a surface reaction on the diffusion
controlled reaction rate has been studied with a
special choice for the surface reaction frequency, cf.
Equation (23). This has the advantage that the
effective reaction frequency can be expressed in
terms of a rather rapidly converging continued
fraction. With a more general surface reaction
frequency, recourse has to be made to a different
solution method, e.g. a variational principle. From
the present investigation, however, some conclu-
sions can be drawn which should hold true in
general. Close to the reaction surface, molecules
with unfavorable orientation pile up in a layer
which has a thickness of several ‘“‘mean free path” I;
as defined by Equation (19). The effect of this
reaction induced alignment on the reaction rate can
be disregarded if the distance L between the
injection and reaction planes is very large compared
with ;. A second length scale, viz. Lj as defined by
Eq. (34), is of importance for the effective reaction
rate. For L > Lo, the completely diffusion dominated
situation, the effective reaction rate is given by a
Smoluchowski type of expression with an orienta-
tion averaged reaction frequency. Effects associated
with the reaction induced alignment become most
pronounced for La Lo. In the present case, the
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changes caused by the alignment are relatively
small, cf. Figures 6, 7. This, however, might
probably be different for a surface reaction where
molecules in a narrower range of orientations are
accepted.

Incidentally, it seems worthwile to consider
reactive boundaries within the framework of the
general theory of boundary conditions for transport-
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